UNIVERSITY OF NEW ENGLAND 


University of NAME: 
New England : 
STUDENT NUMBER: 


UNIT CODE: AMTH246 

PAPER TITLE: Mathematical Methods in the Sciences 

PAPER NUMBER: First and Only 

DATE: Friday 6 October 2017 TIME: 9:15 AM TO 11:30 AM 
TIME ALLOWED: = ‘2 hours and 15 minutes 

NUMBER OF PAGES IN PAPER: — FOUR (4) 

NUMBER OF QUESTIONS ON PAPER: _ FOUR (4) 

NUMBER OF QUESTIONS TO BE ANSWERED: FOUR (4) 


STATIONERY [a 6 PAGE ANSWER BOOKS | 0 GENERAL PURPOSE ANSWER SHEET 
PER 


CANDIDATE: | 0 GRAPH PAPER SHEETS | 0 GEOLOGY SAMPLES 


OTHER AIDS REQUIRED: USEFUL INFORMATION IS ON PAGE 4 


CALCULATORS: PERMITTED (APPROVED MODELS ONLY) 


TEXTBOOKS OR NOTES: THREE (3) A4 SHEETS OF HANDWRITTEN DOUBLE SIDED 
NOTES (6 PAGES IN TOTAL); NO PHOTOCOPIES; NO PRINTED OR SCANNED NOTES ARE 
PERMITTED. 


INSTRUCTIONS FOR CANDIDATES: 
e Candidates MAY NOT start writing until instructed to do so by the supervisor 


e Please pay attention to the announcements and read all instructions carefully before 
commencing the paper 


e Candidates MUST write their name and student number on the top of this page 
e Answer all questions 
e All questions are worth 15 marks each 


e This examination paper MUST BE HANDED IN along with all supplied stationery. 
Failure to do so will result in the cancellation of all marks for this examination 


REMEMBER TO WRITE YOUR NAME AND STUDENT NUMBER AT THE TOP OF THIS PAGE 


THE UNIVERSITY CONSIDERS IMPROPER CONDUCT IN EXAMINATIONS TO BE A SERIOUS OFFENCE. 
PENALTIES FOR CHEATING ARE EXCLUSION FROM THE UNIVERSITY FOR ONE YEAR AND/OR CANCELLATION 
OF ANY CREDIT RECEIVED IN THE EXAMINATION FOR THAT UNIT. 


AMTH246 Trimester 2 2017 


Question 1 [15 marks] 


(a) Prove that 
V x (Wu) =0, 


where ~ is a scalar vector field defined on 2 C R? and w(z,y, z) € Cl(Q). 


(b) Give a definition of a conservative field. 


(c) Find a potential for the conservative vector field 


1 ze e 
F = 2rcos0# + —(sindcosé — r? sin 0) 6 + me ~. 
if r 
(d) For the vector field 
G=pp+psindd+pk 
in cylindrical polar coordinates find V-G, and V x G. 
Question 2 [15 marks] 


(a) Give a precise statement of Gauss’ divergence theorem. 


(b) Use the divergence theorem to evaluate 


[[ Fs. 


where F = ryt — sy" j + <k and the surface consists of the three surfaces, 


z=4—- 327 —3y? ,1<2z<4o0n the top, 7? +y? =1,0< z< 1 n the sides and 


z = 0 on the bottom. 


(c) Use the Stokes theorem to evaluate 
If x (it 25 -—y'k)-dsS, 
s 


where S is the part of the surface z = 4 — x7 — y?, z > 0. 
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Question 3 [15 marks] 


(a) Let the velocity vector of a fluid be given by v = costa +sintj. Find 


(i) The pathlines. 


(ii) The streamlines. 


(b) Consider a homogeneous atmosphere of height h above a horizontal surface. The 
atmosphere is assumed to be an ideal gas satisfying the equation of state p = Cy’, 
where p is the pressure, js is the density, and C’ is a constant. Assume that the 
atmosphere is in hydrostatic equilibrium and that the only body force is gravitation 
( F = —gk, per unit mass, where k is the vertical unit vector). Find the pressure 


as a function of z, the height above the horizontal surface. 


Question 4 [15 marks] 


(a) The function f(x) is a periodic function defined on the whole of R with period 27, 


such that f(x) = x? on the interval (—7,7). Define the Fourier series for f(x). Does 


f(x) satisfy the conditions of the Dirichlet theorem? 


(b) Prove that the Fourier transform of the derivative of a function, f(g ), is 


fie) Some ©). 


Use integration by parts. Note that f(x) € L1(R), hence lim f(x) = 0. 


L—-=0CO 


Information Section is on page 4. 
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Information Section 


Spherical Polar coordinates (r, 0, ¢). 


OF xe, Of de OF 
Me on : 06. ' rsind 0g 
- 2. OA, | cot 0 10Ap 1 OAg 
aS ae Or or ae r 00° rsin@ Od 
> 670 rsind@ 
VxA = : o Ge te 


resing | ar 00 a¢ 
A, rAg rsinOAg 


The volume element is dV = r? sin 0dr dé dé 


Cylindrical Polar coordinates (p, ¢, z). 


Of i LOR a: OF 
Na ppt 5 on ' Oz 


vB = Be, 2By , 10By | OB. 
p Opp Oo Oz 
P pp k 
= a a 2a 
VxB dp a6 az 
B, pBy Bz 


The volume element is dV = pdpdd¢dz 


The Euler equation for a fluid with conservative body forces is 


dv 


1 
—=F--V 
dt m . 
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